In this paper, based on the off-axis circle criterion, a sufficient condition with a simple graphical explanation is derived to analyze the global asymptotic stability of a type of Takagi-Sugeno (T-S) fuzzy control systems in case of different constant reference inputs. Three numerical examples are given to demonstrate how to use the proposed method in analyzing the T-S fuzzy control systems.
Introduction
In the history of fuzzy control theory, the Takagi . Based on these stability and robust stability analysis, numerous systematic design schemes have been proposed to synthesize the T-S fuzzy controllers in order to guarantee the stability or performances of the overall T-S fuzzy control systems even in the presence of parameter uncertainties 6, 7, 8 . Most of the above work is discussed only in the time domain, and the results are mainly presented in the form of Linear Matrix Inequalities (LMIs). Some numerical optimization methods, such as interior point method, are utilized to solve the LMIs. With the popular MATLAB LMI tool box, the system analysis and controller design can be made in an efficient way. However, to some extent, the LMI-based techniques heavily depend on numerical solutions. Thus, it is indeed of great significance to find alternative techniques to analyze the T-S fuzzy control systems, which should be more straightforward as well as less numerically dependent. As we know that the frequency response methods have been well developed and widely used by control engineers during the past decades. For example, the effect of noise in a control system can be evaluated by its frequency response. One of the most prominent features of the frequency domain-based methods is that some useful graphs, e.g., Bode and Nyquist plots, can be employed to analyze the performances of the closedloop systems or synthesis the controllers for certain plants. Since the T-S fuzzy model usually consists of a family of local linear dynamic systems, it is valuable to graphically analyze the T-S fuzzy systems in the frequency domain. As a matter of fact, the work of exploring the fuzzy control systems in the frequency domain can be dated to Ref. 9 , in which the describing function method is used to analyze the Mamdani type fuzzy control systems. More relevant references can also be found 10 . The circle criterion is applied for the stability analysis of the Mamdani type fuzzy control systems 11, 12 . For the recent contributions, interested readers can refer to Refs. 13, 14, 15, and references therein, in which different kinds of Mamdani type fuzzy control systems are considered. A lot of similar work has also been done for the T-S fuzzy control systems. For example, the describing function method is applied in stability analysis 16 . The
circle criterion is employed to analyze the stability of T-S fuzzy control systems in 17 . Unfortunately, there is no corresponding graphical interpretation in the frequency domain yet. Although the circle criterion with its graphical interpretation is used to deal with the issue of robust stability for the T-S fuzzy controller 18, 19 , however, this fuzzy controller is only one special kind of nonlinear controller, and the available results cannot be directly generalized to analyze the general fuzzy control systems. In our previous work, the circle criterion is deployed to derive sufficient stability conditions for the T-S fuzzy control systems with a graphical interpretation in the senses of Lyapunov stability 20, 21 . The off-axis circle criterion 22 is also employed to analyze the same type of T-S fuzzy control systems 23 . Nevertheless, the reference inputs of all the aforementioned fuzzy control systems are always assumed to be zero. It is well known that the reference inputs, in fact, have a significant impact on the stability of the T-S fuzzy control systems. The aim of this paper is to generalize the off-axis circle criterion-based stability condition to the T-S fuzzy control systems in case of different constant reference inputs. The advantage of our method over the existing circle criterion criterion-based approach 11, 20 is that it can still guarantee the asymptotic stability under the above circumstances. The rest of this paper is organized as follows. Section 2 defines the T-S fuzzy control system to be studied. In Section 3, a typical case study is illustrated to show the influences of the reference inputs on the stability of the fuzzy control systems. Section 4 presents the main results of the paper: a new stability condition with graphical interpretation is proposed for the T-S fuzzy control systems by using the off-axis circle criterion. Our method can guarantee the global asymptotic stability of the T-S fuzzy control systems in case of different constant reference inputs. Three simulation examples are provided to demonstrate how to use the proposed approach for the stability analysis in Section 5. Some remarks and conclusions are finally drawn in Section 6.
The T-S Fuzzy Control System
The structure of the T-S fuzzy control system studied in this paper is shown in Fig. 1 , where FLC and ( ) G s are the T-S fuzzy controller and a linear Single Input Single Output (SISO) plant, respectively, r is the reference input, and u and y are the outputs of the FLC and plant, respectively. 
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Proof. With the fuzzy logic rules (1) and membership functions in Fig. 2 , it is obvious that the mathematical expression of ( ) e φ is continuous, and the problem of finding the maximum and minimum of 
We can observe that both 1 k and
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A Case Study of the Influences of Reference Inputs
Consider a simple T-S fuzzy control system as shown in Fig. 1 
is the equilibrium point of the above T-S fuzzy control system. We can conclude that the equilibrium is globally asymptotically stable by using the circle criterion 20 . However, it is not guaranteed that our T-S fuzzy control system is also Lyapunov stable, when r is chosen to be other constant values. For example, the output in Fig. 4 
It is easy to verify that the Nyquist plot of ( ) G s encircles the point 1 ( ,0 ) 11.62 − once, which implies that the linearization of this T-S fuzzy control system at the equilibrium point e x is unstable, when 8.4 r = . From the above case study, it can be concluded that the asymptotic stability of the T-S fuzzy control system (when 0 r = ) does not simply imply that the same system is asymptotically stable when r is other constant inputs. Although this example is illustrated by the T-S fuzzy control system, a Mamdani fuzzy control system can also be constructed to demonstrate the similar effects of the reference inputs.
Stability Analysis
In this section, we use the off-axis circle criterion to analyze the stability of the T-S fuzzy control system in Proof. The state space equations of the T-S fuzzy control system are given as follows: ( ),
, . , whose nonlinearity is shown in Fig. 5 . Here, we shift the equilibrium to the origin point, and as a consequence, the reference input can be considered to be zero. From Fig. 5 , it is obvious that ( ) φ ⋅ and ( ) φ ⋅ also belongs to
Therefore, it can be concluded that the equilibrium point e x is globally asymptotically stable, if x is globally asymptotically stable. In other words, e x and x have the same stability property. Since system (30) is globally asymptotically stable by hypothesis, the T-S By Theorem 2, the global asymptotic stability of different equilibriums is guaranteed by that of the equilibrium at the origin. The off-axis circle criterion focuses on the global property of the nonlinearity, while the circle criterion and Popov criterion can only handle the local property. Note that the off-axis circle criterion is applicable to those cases, where the prior knowledge of the nonlinearity is known beforehand. As a matter of fact, the stability analysis of different equilibriums can be unified by the off-axis circle criterion.
Simulations
Example 1. For the T-S fuzzy control system in Section 3, two proportional controllers 1 1.73 k = and 2 3.16 k = can be obtained by using the Bode plot. We construct a T-S fuzzy controller as follows:
If e is 1 M , then 1 Apparently, with Theorem 2, the T-S fuzzy control system is globally asymptotically stable for any constant reference input. As an illustrative example, Fig. 7 shows the responses of the closed-loop system, when 1 r = , 5 r = , and 10 r = . Example 2 24 . Construct an FLC for the T-S fuzzy control system in Fig. 1 , where the plant is unstable, and its transfer function is as follows:
The T-S fuzzy controller is built as in (31) intersecting or being tangent with the Nyquist plot of ( ) G jω , as ω varies from 0 to +∞ (in Fig. 8 ). The
Nyquist plot also encircles point 1 ( ,0) 1.25 − , as ω varies from −∞ to +∞ . 
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Example 3: In this example, the well-known inverted pendulum problem is used to demonstrate how Theorem 2 can be applied to a nonlinear control system, whose model is given as follows: x is about zero, we have: 
On the basis of the gains of the linear compensators given above, a T-S fuzzy controller is constructed as If 1 x is about zero, then 1 138
If 1 x is about 8 π ± , then 2 150 u e = .
The corresponding membership functions are shown in . By Lemma 1, we have [138, 166] ( ) e M ϕ ∈
. The Nyquist plot of ( ) G jω is given in Fig. 9 , from which we can conclude that this inverted pendulum system is indeed asymptotically stable. For example, when 1 (0) 8 x = , the stable system response is illustrated in Fig. 10 .
Conclusions
In this paper, we present a sufficient stability condition for a type of T-S fuzzy control systems by using the offaxis circle criterion. Different from other frequency domain-based approaches, it can guarantee the global asymptotic stability in case of various constant reference inputs. The proposed method has also a simple graphical interpretation. Three simulation examples have been given to demonstrate its efficiency.
In the future work, we are going to generalize our stability analysis technique to the fuzzy control systems with interval plants. 
